The problem of distinguishing, in terms of graph topology, digraphs with real and partially non-real Laplacian spectra is important for applications. Motivated by the question posed in [R. Agaev, P. Chebotarev, Which digraphs with rings structure are essentially cyclic?, Adv. in Appl. Math. 45 (2010), 232-251], in this paper we completely list the Laplacian eigenvalues of some digraphs obtained from the wheel digraph by deleting some arcs.
Introduction
Since the Laplacian matrices of digraphs are not necessarily symmetric, as distinct from those of the undirected graphs, the Laplacian eigenvalues of digraphs need not be all real. The problem of characterizing all digraphs that have completely real Laplacian spectra is difficult and yet unsolved. In general, it is not an easy problem to distinguish, in terms of graph topology, digraphs with real Laplacian spectra from those having some non-real Laplacian eigenvalues. It is easy to see that the digraphs of the latter type are guaranteed to have cycles and are called essentially cyclic (see [1] ), otherwise, the Laplacian of them will have a triangular form whose eigenvalues are the diagonal elements. The problem is important for some applications of graph theory, especially in decentralized control of multiagent systems [6, 10] .
R. Agaev and P. Chebotarev [1] have pointed out that a rational approach to attacking this difficult problem is studying various classes of cyclic digraphs. Digraph with ring structure means a digraph whose arc set only contains a collection of arcs forming a Hamiltonian cycle and an arbitrary number of arcs that belong to the inverse Hamiltonian cycle. In [1] a necessary and sufficient condition of essential cyclicity for the digraphs with ring structure was obtained.
Let W n be the digraph with vertex set {1, 2, . . . , n} and arc set {(2, 3), (3, 4) , . . . , (n − 1, n), (n, 2)} ∪ {(i, 1), (1, i) : i = 2, 3, . . . , n}, which will be called as the wheel digraph herein, as depicted in Figure 1 where the undirected edge means one pair of counter-directional arcs. In Section 2, we first consider three mutually related operations on digraphs and determine the Laplacian spectra and characteristic polynomials of digraphs derived from digraphs with known characteristic polynomials by these operations. By using these results, in Section 3 we completely list Laplacian eigenvalues of some digraphs as follows. • Let W ′ n be the digraph obtained from W n (n > 3) by deleting l (1 ≤ l ≤ n − 1) arbitrary arcs in the cycle {(2, 3), (3, 4) , . . . , (n − 1, n), (n, 2)}, then the Laplacian eigenvalues of W ′ n are 0, n, 1 (multiplicity l − 1) and 2 (multiplicity n − l − 1).
• Let W ′′ n be the digraph obtained from W n (n > 3) by deleting l (1 ≤ l ≤ n − 1) arbitrary arcs {(1, a i ) : i = 1, 2, . . . , l}, where a i ∈ {2, 3, . . . , n}, then the Laplacian spectrum of W ′′ n is {0, n − l, 1 + 2 sin
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Notations and Preliminaries
Let Γ denote a simple digraph with vertex set V (Γ) = {1, 2, . . . , n} and arc set E(Γ). First we shall consider three mutually related operations on digraphs. The complementΓ of a digraph Γ is the digraph with the same vertex set, with an arc (x, y) ∈ E(Γ) if and only if there exists no arc from x to y in Γ. The direct sum
The complete product Γ 1 ▽ Γ 2 of digraphs Γ 1 and Γ 2 is the digraph obtained from Γ 1+ Γ 2 by joining every vertex of Γ 1 with every vertex of Γ 2 by one pair of counter-directional arcs. It is quite easy to see that the relation Γ 1 ▽ Γ 2 =Γ 1+Γ2 holds.
The adjacency matrix A = (a ij ) of a digraph Γ is the n×n matrix whose rows and columns are indexed by the vertices, and where the ij-entry a ij = 1 if (i, j) ∈ E(Γ) and zero otherwise. The out-degree matrix D is the n × n matrix whose ii-entry is the sum of the entries of the i-th row of A and non-diagonal entries are zero. The matrix L = D − A is sometimes referred to as the Laplacian (or row Laplacian) matrix of Γ (see [2, 4, 5] ). If, in addition, L is symmetric, then L may be viewed as the Laplacian matrix of an undirected graph. Let J and I denote the matrix with all entries 1 and the identity matrix of appropriate order. Now it is easy to verify that the Laplacian of the complementΓ is ((n−1)
Many published works have been concerned with the operations on undirected graphs and the resulting Laplacian spectra. For the classical results on the subject, we refer to [3, 7] and an excellent survey [9] and the references wherein. Along the similar line, we investigate the operations on digraphs and the resulting Laplacian spectra and get the corresponding results on digraph.
where
Next we shall present a relation (see (6) ) between the Laplacian characteristic polynomial of the complement and that of a digraph. Although (6) can be obtained from Theorem 2 in [2], we keep it here for self-contained. For the complementΓ of digraph Γ with n vertices, we have
After adding all remaining columns to the first column of this determinant, every element of the first column becomes λ. Taking this factor out and then subtracting the first column from all the other columns, we get that
where X * denotes the matrix obtained from X by replacing all elements of the first column by 1's. Consider the determinant
If we add all the other columns to the first column, the entries of the first column all become λ − n. Therefore,
According to (3) , (4) and (5) we have that
An analogous result for the undirected case may be traced back to Kelmans [8] .
By (6) an expression of the Laplacian characteristic polynomial of the complete product of two digraphs can be obtained as follows. For the complete product Γ = Γ 1 ▽ Γ 2 of digraphs Γ 1 and Γ 2 with n 1 and n 2 (n 1 + n 2 = n) vertices, respectively, by means of (1) and (6), we have
It is observed from (7) immediately that the Laplacian spectrum of the join of two digraphs with real Laplacian spectrum is real.
Main Results
In this section, we investigate the Laplacian spectra of some digraphs obtained from the wheel W n by deleting certain arcs. First we shall give the Laplacian spectra of the wheel W n by (7) . For the path digraph P n , since it has no cycle, its Laplacian has the triangular form and so its eigenvalues are the diagonal elements. Then we have the following results immediately.
Lemma 3.1. The Laplacian spectrum of P n consists of 0, and 1 with multiplicity n − 1.
Lemma 3.2 [1] . The Laplacian spectrum of C n is {2 sin 2 kπ n + i sin 2kπ n : k = 1, 2, . . . , n}.
Theorem 3.3. The Laplacian spectrum of the wheel W n is {0, n, 1+ 2 sin
Proof. By the definition of the wheel and (7), we have that
. The result follows immediately by Lemma 3.2.
Theorem 3.4. Let W ′ n be the digraph obtained from W n (n > 3) by deleting l (1 ≤ l ≤ n − 1) arbitrary arcs in the cycle { (2, 3), (3, 4) , . . . , (n − 1, n), (n, 2)}, then the Laplacian eigenvalues of W ′ n are 0, n, 1 with multiplicity l − 1 and 2 with multiplicity n − l − 1.
Proof. Note that when l arcs are deleted from the cycle { (2, 3), (3, 4) , . . . , (n − 1, n), (n, 2)} the resulting graph is made up of l disjoint paths, say,
. By Lemma 3.1, the Laplacian eigenvalues of the digraph P k 1+ P k 2+ · · ·+ P k l are 0 with multiplicity l and 1 with multiplicity n − l − 1. Then the result follows by (7). Now reconsider the Laplacian matrix L n ∈ R n×n of the wheel W n :
Let α 0 , α 1 , α 2 , . . . , α n−1 denote the columns of the matrix obtained from the characteristic matrix λI − L n by deleting its first row. Let 1 denote the column vector with all entries 1 of appropriate order. We see that α 0 = 1. Expanding the determinant of |λI − L n | along the first row, we have Consider the (n − 1) × (n − 1) minor det[α 1 , α 2 , . . . , α n−1 ]. Adding all other columns to the j-th column in this determinant, for 1 ≤ j ≤ n − 1, every element of the j-th column becomes λ − 1. Taking this factor out and then by columnswitching transformations, after j −1 steps by swapping column j and its previous column consecutively, we have (10) det
Denote by f (λ), g(λ) the polynomials det[α 1 , α 2 , . . . , α n−1 ] and det[1, α 2 , α 3 , . . . , α n−1 ], respectively. Then by (10), we have for any 1 ≤ j ≤ n − 1,
So by (9), we have = λ(λ − (n − l))g(λ).
By Theorem 3.3 and (12), we know that the roots of det(λI − L n ) = λ(λ − n)g(λ) are {0, n, 1 + 2 sin It is an interesting fact from above that the Laplacian spectrum of W ′′ n is the same as that of W n , except that the eigenvalue n of L n now becomes n − l.
